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Abstract
The electromagnetic field correlators are evaluated around a cosmic string in background of
(D+1)-dimensional dS spacetime assuming that the field is prepared in the Bunch-Davies vacuum
state. The correlators are presented in the decomposed form where the string-induced topological
parts are explicitly extracted. With this decomposition, the renormalization of the local vacuum
expectation values (VEVs) in the coincidence limit is reduced to the one for dS spacetime in the
absence of the cosmic string. The VEVs of the squared electric and magnetic fields, and of the
vacuum energy density are investigated. Near the string they are dominated by the topological
contributions and the effects induced by the background gravitational field are small. In this region,
the leading terms in the topological contributions are obtained from the corresponding VEVs for
a string on the Minkowski bulk multiplying by the conformal factor. At distances from the string
larger than the curvature radius of the background geometry, the pure dS parts in the VEVs
dominate. In this region, for spatial dimensions D > 3, the influence of the gravitational field on
the topological contributions is crucial and the corresponding behavior is essentially different from
that for a cosmic string on the Minkowski bulk. There are well-motivated inflationary models which
produce cosmic strings. We argue that, as a consequence of the quantum-to-classical transition of
super-Hubble electromagnetic fluctuations during inflation, in the postinflationary era these strings
will be surrounded by large scale stochastic magnetic fields. These fields could be among the
distinctive features of the cosmic strings produced during the inflation and also of the corresponding
inflationary models.
PACS numbers: 03.70.+k, 98.80.Cq, 11.27.+d
1 Introduction
The properties of the quantum vacuum are sensitive to both the local and global geometrical char-
acteristics of the background spacetime. In this paper we investigate the electromagnetic vacuum
polarization sourced by the gravitational field and by the nontrivial topology due to the presence of
a straight cosmic string. In order to have an exactly solvable problem, as the background geometry
we will consider a spacetime that is maximally symmetric in the absence of the cosmic string, namely
de Sitter (dS) spacetime. For the cosmic string a simplified model will be taken in which the local
geometry outside the core is not changed by the presence of the string: the only effect is the planar
angle deficit depending on the mass density of the string.
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In addition to the high degree of symmetry, our choice of dS spacetime as the background geometry
is motivated by its importance in modern cosmology. In most inflationary models the early expansion
of the universe is approximated by the dS phase (for reviews see [1]). The presence of this phase
before the radiation dominated era naturally solves several problems in the standard cosmological
model. More recently, the astronomical observations of high redshift supernovae, galaxy clusters, and
cosmic microwave background [2] indicate that at the present epoch the universe is accelerating and
the corresponding expansion is dominated by a source of the cosmological constant type. In this case,
the dS spacetime appears as the future attractor for the geometry of the universe. Consequently, the
investigation of physical effects in dS spacetime is important for understanding both the early Universe
and its future evolution. A topic which has received increasing attention is related to string-theoretical
models of dS spacetime and inflation. Recently several constructions of metastable dS vacua within
the framework of string theory are discussed (see, for instance, reviews [3, 4]).
The investigation of the quantum field theoretical effects in dS spacetime is of considerable interest.
These effects may have important implications in cosmology. During an inflationary epoch, quantum
fluctuations in the inflaton field introduce inhomogeneities which play a central role in the generation
of cosmic structures from inflation. The inflation also provides an attractive mechanism of producing
long-wavelength electromagnetic fluctuations, originating from subhorizon-sized quantum fluctuations
of the electromagnetic field stretched by the dS phase to superhorizon scales. After these long-
wavelength fluctuations have re-entered the horizon in the post-inflationary era, they can serve as
seeds for cosmological magnetic fields. Related to this inflationary mechanism for the generation of
the seeds, the cosmological dynamics of the electromagnetic field quantum fluctuations have been
discussed in large number of papers (for reviews see [5]).
In the present paper we investigate the influence of a cosmic string on the vacuum fluctuations
of the electromagnetic field in background of dS spacetime (for the effects of inflation on the cosmic
strings see, for instance, [6]). Though the cosmic strings produced in phase transitions before or
during early stages of inflation are diluted by the expansion to at most one per Hubble radius, the
formation of defects near or at the end of inflation can be triggered by several mechanisms (see [7]
for possible distinctive signals from such models). They include a coupling of the symmetry breaking
field to the inflaton field or to the curvature of the background spacetime. Moreover, one can have
various inflationary stages, with linear defects being formed in between them [8]. Depending on
the underlying microscopic model, there exist several kinds of cosmic strings. They can be either
nontrivial field configurations or more fundamental objects in superstring theories. The cosmic strings
are among the most popular topological defects formed by the symmetry breaking phase transitions
in the early universe within the framework of the Kibble mechanism [9]. They are sources of a
number of interesting physical effects that include the generation of gravitational waves, high-energy
cosmic rays, and gamma ray bursts. Among the other signatures are the gravitational lensing and the
creation of small non-Gaussianities in the cosmic microwave background. The cosmic superstrings,
which are fundamental quantum strings stretched to cosmological scales, were first considered in [10].
More recently, a mechanism for the generation of this type of objects with low values of the string
tensions is proposed within the framework of brane inflationary models [4, 7, 11]. In these models the
accelerated expansion of the universe is a consequence of the motion of branes in warped and compact
extra dimensions.
Although the specific properties of cosmic strings are model-dependent, they produce similar grav-
itational effects. In the simplified model with the string induced planar angle deficit, the nontrivial
spatial topology results in the distortion of the vacuum fluctuations spectrum of quantized fields and
induces shifts in vacuum expectation values (VEVs) of physical characteristics of the vacuum state
such as the field squared and the energy-momentum tensor. Explicit calculations of this effect have
been done for scalar, fermion and vector fields (see references given in [12]). For charged fields, another
important characteristic of the vacuum state is the VEV of the current density (see [13] for a recent
discussion and references therein). The analysis of the vacuum polarization effects induced by a cosmic
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string in dS spacetime for massive scalar and fermionic fields has been presented in [14, 15]. Here
we will be concerned with the combined effects of the background gravitational field and of a cosmic
string on the correlators for the electric and magnetic fields and on the VEVs of the energy density
and squared electric and magnetic fields. The problem will be considered on the bulk of dS spacetime
with an arbitrary number of spatial dimensions D. This is motivated by several reasons. In discussions
of cosmic superstrings, depending on the compactification scheme of extra dimensions, one can have
3 6 D 6 9. In particular, this is the case for superstrings formed at the end of brane inflation. The
consideration of electrodynamics in spatial dimensions D > 3 is a natural way to break the conformal
invariance of the D = 3 theory. The breaking of conformal invariance is required in inflationary models
for the generation of large scale magnetic fields. Usually this is done by adding additional couplings
of the electromagnetic field (for example, to the inflaton field) [5]. A mechanism for the generation of
cosmological magnetic fields, based on the dynamics of electromagnetic fluctuations in models with
D > 3, has been discussed in [16]. The consideration of quantum field theories in spatial dimensions
other than 3 is also required in dimensional regularization procedure for the ultraviolet divergences.
The paper is organized as follows. In the next section the background geometry is described and a
complete set of mode functions for the electromagnetic field is given. In section 3, two-point functions
for the vector potential and for the electric field strength are investigated. The VEV of the electric field
squared is discussed in section 4. The part induced by the nontrivial topology of the cosmic string
is explicitly separated and its asymptotic behavior in various limiting regions is investigated. The
two-point functions corresponding to the Lagrangian density and the magnetic field are considered
in section 5. The topological contributions in the VEVs of the squared magnetic field and of the
vacuum energy density are investigated. The main results are summarized in section 6. In Appendix
we present the main steps for the evaluation of the integrals appearing in the expressions for the
two-point functions.
2 Cylindrical electromagnetic modes
We consider (D + 1)-dimensional locally dS background geometry described in cylindrical spatial
coordinates (r, φ, z), z =
(
z3, ..., zD
)
, by the interval
ds2 = (α/τ)2 [dτ2 − dr2 − r2dφ2 − (dz)2], (2.1)
with the conformal time coordinate τ , −∞ < τ < 0. The corresponding synchronous time t is
expressed as t = −α ln(|τ | /α), −∞ < t < +∞. For the remaining coordinates we assume that
0 6 r < ∞, 0 6 φ 6 φ0, −∞ < zl < +∞, l = 3, . . . ,D. For φ0 = 2π the geometry is reduced to the
standard dS one given in inflationary coordinates. In the case φ0 < 2π, though the local geometrical
characteristics for r 6= 0 remain the same, the global properties are different. The special case D = 3
corresponds to a straight cosmic string with the core along the axis z3 and with the planar angle
deficit 2π− φ0 determined by the linear mass density of the string. In [17] it has been shown that
the vortex solution of the Einstein-Abelian-Higgs equations in the presence of a cosmological constant
induces a deficit angle into dS spacetime. The cosmological constant Λ is expressed in terms of the
parameter α in the line element (2.1) by the relation Λ = D(D − 1)/(2α2).
The presence of the angle deficit gives rise to a number of interesting topological effect in quantum
field theory. Here we are interested in the influence of the cosmic string on the vacuum fluctuations of
the electromagnetic field. The properties of these fluctuations are encoded in the two-point functions
which describe the correlations of the fluctuations at different spacetime points. These correlators are
VEVs of bilinear combinations of the vector potential operator Aµ(x), where x = (τ, r, φ, z) stands for
the spacetime point. By expanding this operator in terms of a complete set {A(β)µ, A∗(β)µ} of solutions
to the classical Maxwell equations and by using the definition of the vacuum state |0〉, we can see that
for a given bilinear combination f(Aµ(x), Aν(x
′)) the corresponding VEV is presented in the form of
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the mode sum
〈0|f(Aµ(x), Aν(x′))|0〉 =
∑
β
f(A(β)µ(x), A
∗
(β)ν(x
′)). (2.2)
Here, the set of quantum numbers β specifies the electromagnetic mode functions and in the right-hand
side
∑
β is understood as a summation over discrete quantum numbers and an integration over con-
tinuous ones. Hence, as the first stage, we need to find the complete set of cylindrical electromagnetic
modes on dS bulk in the presence of the cosmic string.
It is convenient to fix the gauge degrees of the freedom by the Coulomb gauge with A0 = 0 and
∂l(
√
|g|Al) = 0 for l = 1, ...,D. For the metric tensor
gµν = (α/τ)
2 diag(1,−1,−r2,−1, . . . ,−1), (2.3)
the latter equation is reduced to ∂l(rA
l) = 0 and coincides with the corresponding equation in the
Minkowski bulk. The procedure to find the complete set of solutions to the Maxwell equations is
similar to that we have already described in [18] for the bulk in the absence of the cosmic string. The
only difference is in the periodicity condition along the azimuthal direction φ. The corresponding part
in the mode functions is given by eiqmφ with q = 2π/φ0 and m = 0,±1,±2, . . .. This leads to the
dependence of the mode functions on the radial coordinate in terms of the Bessel function Jq|m|(γr)
with 0 6 γ <∞. The time-dependence appears in the form of the linear combination of the functions
ηD/2−1H
(1)
D/2−1(ωη) and η
D/2−1H
(2)
D/2−1(ωη), where η = |τ | = αe−t/α and H
(l)
ν (y), l = 1, 2, are the
Hankel functions. The relative coefficient in the linear combination depends on the choice of the
vacuum state under consideration. Here we assume that the field is prepared in the state that is the
analog of the Bunch-Davies vacuum state for a scalar field [19]. For this state the coefficient of the
function H
(2)
D/2−1(ωη) is zero.
In (D+1)-dimensional spacetime, the electromagnetic field has D− 1 polarization states. In what
follows we specify them by the quantum number σ = 1, . . . ,D − 1. For the polarization σ = 1 the
cylindrical electromagnetic modes corresponding to the Bunch-Davies vacuum are presented as
A(β)µ(x) = cβη
D/2−1H
(1)
D/2−1(ωη)
(
0,
iqm
r
,−r∂r, 0, . . . , 0
)
Jq|m|(γr)e
iqmφ+ik·z, (2.4)
and for the polarizations σ = 2, . . . ,D − 1 we get
A(β)µ(x) = cβωη
D/2−1H
(1)
D/2−1(ωη)
(
0, ǫσl + i
k · ǫσ
ω2
∂l
)
Jq|m|(γr)e
iqmφ+ik·z, (2.5)
with l = 1, . . . ,D. Here, k = (k3, . . . , kD), ω =
√
γ2 + k2 and k2 =
∑D
l=3 k
2
l . For the scalar products
one has k·z =∑Dl=3 klzl and k·ǫσ =∑Dl=3 klǫσl. The spatial components in (2.4) and (2.5) are given in
cylindrical coordinates (r, φ, z). For the components of the polarization vector we have ǫσ1 = ǫσ2 = 0,
σ = 2, . . . ,D − 1, and the relations
D∑
l,n=3
(
ω2δnl − klkn
)
ǫσlǫσ′n = γ
2δσσ′ ,
ω2
D−1∑
σ=2
ǫσnǫσl − knkl = γ2δnl, (2.6)
for l, n = 3, ...,D. The mode functions are specified by the set of quantum numbers β = (γ,m,k, σ)
and in (2.2) ∑
β
=
D−1∑
σ=1
∞∑
m=−∞
∫
dk
∫ ∞
0
dγ. (2.7)
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We have a single mode of the TE type (σ = 1) and D − 2 modes of the TM type (σ = 2, . . . ,D − 1).
The mode functions for vector fields are orthonormalized by the condition∫
dDx
√
|g|g00[A∗(β′)ν(x)∇0Aν(β)(x)− (∇0A∗(β′)ν(x))Aν(β)(x)] = 4iπδββ′ , (2.8)
where ∇µ stands for the covariant derivative and δββ′ is understood as the Kronecker symbol for
discrete components of the collective index β (m and σ) and the Dirac delta function for the continuous
ones (γ and k). From (2.8) for the normalization coefficient cβ we get
|cβ |2 = q
4(2πα)D−3γ
, (2.9)
for all the polarizations σ = 1, . . . ,D − 1.
The Minkowskian limit of the problem under consideration corresponds to α → ∞ for a fixed
value of the proper time t. In this limit one has η = αe−t/α ≈ α − t and, up to the phase (that
can be absorbed into the normalization coefficient cβ), the function η
D/2−1H
(1)
D/2−1(ωη) is reduced to√
2/(πω)α(D−3)/2e−iωt. As a result, from (2.4) and (2.5) one gets the corresponding mode functions
for a string in background of (D + 1)-dimensional Minkowski spacetime. The case D = 3 has been
considered previously in [20]. The electromagnetic field is conformally invariant in D = 3 and the
modes (2.4) and (2.5) coincide with the Minkowskain modes having the time dependence e−iωη .
3 Two-point functions
We consider a free field theory (the only interaction is with the background gravitational field) and
all the information about the vacuum state is encoded in two-point functions. Given the complete
set of normalized mode functions for the vector potential, we can evaluate the two-point function
〈0|Al(x)Am(x′)|0〉 ≡ 〈Al(x)Am(x′)〉 for the electromagnetic field by using the mode-sum formula
(2.2):
〈Al(x)Am(x′)〉 =
∑
β
A(β)l (x)A
∗
(β)m
(
x′
)
, (3.1)
with
∑
β from (2.7). Substituting the functions (2.4), (2.5) and using the relation (2.6), the two-point
function is presented in the form
〈Al(x)Ap(x′)〉 = q (ηη
′)D/2−1
π2 (2πα)D−3
∞∑
m=−∞
eimq∆φ
∫
dk eik·∆z
×
∫ ∞
0
dγ
γ
ω2
KD/2−1(e
−ipi/2ηω)KD/2−1(e
ipi/2η′ω)flp
(
k, γ, r, r′
)
, (3.2)
where ∆φ = φ−φ′, ∆z = z−z′ and instead of the Hankel function we have introduced the Macdonald
function Kν(x). In (3.2), the functions of the radial coordinates are defined by the expressions
f11
(
k, γ, r, r′
)
= k2J ′q|m|(γr)J
′
q|m|(γr
′) +
(
k2 + γ2
) q2m2
γ2rr′
Jq|m|(γr)Jq|m|(γr
′),
f12
(
k, γ, r, r′
)
= −iqm
γr
[
rk2J ′q|m|(γr)Jq|m|(γr
′) + r′ω2J ′q|m|(γr
′)Jq|m|(γr)
]
,
f22
(
k, γ, r, r′
)
=
q2m2
γ2
k2Jq|m|(γr)Jq|m|(γr
′) + rr′ω2J ′q|m|(γr)J
′
q|m|(γr
′), (3.3)
and
f1l
(
k, γ, r, r′
)
= iklγJ
′
q|m|(γr)Jq|m|(γr
′),
f2l
(
k, γ, r, r′
)
= −qmklJq|m|(γr)Jq|m|(γr′),
flp
(
k, γ, r, r′
)
=
(
ω2δlp − klkp
)
Jq|m|(γr)Jq|m|(γr
′), (3.4)
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with l, p = 3, . . . ,D − 1. The remaining nonzero components are found by using the relation
flp
(
k, γ, r, r′
)
= f∗pl
(
k, γ, r′, r
)
. (3.5)
Having the two-point functions we can evaluate the VEVs of the squared electric and magnetic
fields. For the VEV of the squared electric field one has
〈E2〉 = lim
x′→x
CE(x, x
′), (3.6)
where the corresponding two-point function is expressed as
CE(x, x
′) = −g00′(x, x′)glp′(x, x′)∂0∂′0〈Al(x)Ap(x′)〉, (3.7)
with the parallel propagator gµν
′
(x, x′). For the geometry under consideration the nonzero components
of the latter are given by
g00
′
(x, x′) = −gll′(x, x′) = ηη
′
α2
,
g11
′
(x, x′) = rr′g22
′
(x, x′) = −ηη
′
α2
cos∆φ,
rg21
′
(x, x′) = −r′g12′(x, x′) = ηη
′
α2
sin∆φ, (3.8)
where l = 3, . . . ,D.
By taking into account the representation (3.2) we find the expression
CE(x, x
′) =
8q (ηη′)D/2+1
(2π)D−1 αD+1
∞∑′
m=0
{
cos(mq∆φ)
[
(D − 2)J (0,2)D/2−2 + (D − 3)J
(1,1)
D/2−2
]
+
[
cos(mq∆φ) cos∆φ
(
∂r∂r′ +
q2m2
rr′
)
+
qm
rr′
sin(mq∆φ) sin∆φ
× (r∂r + r′∂r′)] (J (0,1)D/2−2 + 2J (1,0)D/2−2)} , (3.9)
where
J (n,p)ν =
∫
dk eik·∆z
∫ ∞
0
dγ k2nγ2p−1Kν(e
−ipi/2ωη)Kν(e
ipi/2ωη′)Jqm(γr)Jqm(γr
′). (3.10)
The prime on the summation sign in (3.9) means that the term m = 0 should be taken with an
additional coefficient 1/2. The integrals (3.10) for n = 0, 1 and p = 0, 1, 2 are evaluated in Appendix.
By using the corresponding results (A.13), (A.15) and (A.16), the correlator is presented as
CE(x, x
′) =
16q (ηη′)D/2+1
πD/2αD+1
∫ ∞
0
duuD/2eu(η
2+η′2−|∆z|2)KD/2−2(2ηη
′u)
×
{[
∂ww + 2
(
D/2− 1− |∆z|2u)] [cos∆φ (∂w + b)− 1
w
sin∆φ∂∆φ
]
+(D − 2)∂ww + (D − 3)
(
D/2− 1− |∆z|2u)} ∞∑′
m=0
cos(mq∆φ)e−bwIqm(w),(3.11)
with the notations
w = 2rr′u, b =
r2 + r′2
2rr′
. (3.12)
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For the further transformation of the expression (3.11) we use the formula [13, 21]
∞∑′
m=0
cos(qm∆φ)Iqm (w) =
1
2q
∑
l
ew cos(2lpi/q−∆φ)− 1
4π
∑
j=±1
∫ ∞
0
dy
sin(qπ + jq∆φ)e−w cosh y
cosh(qy)− cos(qπ + jq∆φ) , (3.13)
where the summation in the first term on the right-hand side goes under the condition
− q/2 + q∆φ/(2π) 6 l 6 q/2 + q∆φ/(2π). (3.14)
If −q/2+ q∆φ/(2π) or q/2+ q∆φ/(2π) are integers, then the corresponding terms in the first sum on
the right-hand side of (3.13) should be taken with the coefficient 1/2. The application of (3.13) leads
to the expression
CE(x, x
′) = C
(1)
E (x, x
′) + sin∆φ∂∆φC
(2)
E (x, x
′). (3.15)
Here and below we use the notation
C
(i)
J (x, x
′) =
8 (ηη′)D/2+1
πD/2αD+1
[∑
l
g
(i)
J (x, x
′,− cos(2lπ/q −∆φ))
− q
2π
∑
j=±1
∫ ∞
0
dy
sin(qπ + jq∆φ)g
(i)
J (x, x
′, cosh y)
cosh(qy)− cos(qπ + jq∆φ)

 , (3.16)
for i = 1, 2 and J = E,M . The function with J = M will appear in the expression for the VEV of
the squared magnetic field. The functions g
(i)
J (x, x
′, y) in (3.16) have the representation
g
(i)
J (x, x
′, y) =
∫ ∞
0
duuD/2eu(η
2+η′2−|∆z|2−r2−r′2−2rr′y)KνJ (2ηη
′u)h
(i)
J (y, u), (3.17)
where
νJ =
{
D/2− 2, J = E
D/2− 1, J =M . (3.18)
For the electric field, the functions in the integrand of (3.17) are given by the expressions
h
(1)
E (y, u) = (D − 2− y cos∆φ)
[
1− u (r2 + r′2 + 2rr′y)]
+(D − 3− 2y cos∆φ) (D/2− 1− |∆z|2u) ,
h
(2)
E (y, u) =
1
2rr′u
[
u
(
r2 + r′2 + 2rr′y
)− 2 (D/2− 1− |∆z|2u)] . (3.19)
The functions h
(i)
M (y, u) for the magnetic field will be defined below.
The contribution of the l = 0 term in (3.16) to the function (3.15) corresponds to the correlator in
dS spacetime in the absence of the cosmic string (for the two-point functions of vector fields, including
the massive ones, see [22]). It is simplified to
C
(dS)
E (x, x
′) =
2(D − 1)
(2π)D/2αD+1
∫ ∞
0
duuD/2euZ(x,x
′)
(
D − u |∆x|
2
ηη′
)
KD/2−2(u), (3.20)
where |∆x|2 = r2 + r′2 − 2rr′ cos∆φ+ |∆z|2 is the square of the spatial distance between the points
x and x′ and we have defined the dS invariant quantity
Z(x, x′) = 1 +
(∆η)2 − |∆x|2
2ηη′
. (3.21)
7
For the latter one has Z(x, x′) = cos[σ(x, x′)/α], with σ(x, x′) being the proper distance along the
shortest geodesic connecting the points x and x′ if they are spacelike separated. The integral in (3.20)
is expressed in terms of the hypergeometric function. Separating the l = 0 terms in the expressions
for C
(1)
E (x, x
′) and C
(2)
E (x, x
′), the remaining part in (3.15) corresponds to the contribution induced
by the presence of the cosmic string.
For points x and x′ close to each other, the dominant contribution to the integral in (3.20) comes
from large values of u and we can use the corresponding asymptotic for the function KD/2−2(u). To
the leading order, for the pure dS part this gives
C
(dS)
E (x, x
′) ≈ 2(D − 1)Γ((D + 1)/2)
π(D−1)/2σD+1(x, x′)
[
D − (D + 1)|∆x|
2
|∆x|2 − (∆η)2
]
. (3.22)
In this limit the effects of the background curvature are small. Note that, for points outside the cosmic
string core, r 6= 0, the divergences in the coincidence limit of CE(x, x′) are contained in the pure dS
part C
(dS)
E (x, x
′) only. This is related to the fact that in our simplified model the presence of the
cosmic string does not change the local geometry at those points.
4 VEV of the squared electric field
The VEV of the squared electric field is obtained from (3.15) in the coincidence limit. Separating
the pure dS part C
(dS)
E (x, x
′), the remaining topological contribution is finite in that limit for r 6= 0.
Consequently, the renormalization is reduced to the one in dS spacetime. The contribution of the last
term in (3.15) to the cosmic string induced part in the VEV of the field squared vanishes. As a result,
the VEV of the squared electric field is presented in the decomposed form
〈E2〉 = 〈E2〉dS + 8α
−D−1
(2π)D/2

[q/2]∑
l=1
gE(r/η, sl)− q
π
sin(qπ)
∫ ∞
0
dy
gE(r/η, cosh y)
cosh(2qy)− cos(qπ)

 , (4.1)
where [q/2] is the integer part of q/2. In (4.1), 〈E2〉dS is the renormalized VEV in the absence of the
cosmic string and the remaining part is induced by the cosmic string (topological part). Here and in
what follows we use the notation sl = sin(πl/q) and
gE(x, y) =
∫ ∞
0
duuD/2KD/2−2(u)e
u−2x2y2u
[
2ux2y2
(
2y2 −D + 1)+ (D − 1) (D/2− 2y2)] . (4.2)
If the parameter q is equal to an even integer the term l = q/2 in (4.1) should be taken with an
additional coefficient 1/2. The VEV (4.1) depends on r and η in the form of the combination r/η.
The latter property is a consequence of the maximal symmetry of dS spacetime. Note that, for a
given η, the ratio αr/η is the proper distance from the string. Hence, r/η is the proper distance
measured in units of the dS curvature scale α. From the maximal symmetry of dS spacetime and of
the Bunch-Davies vacuum state we expect that the pure dS part does not depend on the spacetime
point and 〈E2〉dS = const · α−D−1.
For odd values ofD the integral in (4.2) is expressed in terms of elementary functions. In particular,
for D = 3 and D = 5 one has
gE(x, y) = −
√
π
2
1
4x4y4
, D = 3,
gE(x, y) = −
√
π
2
1 + y2
2x6y6
, D = 5. (4.3)
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In these cases, the topological part in the squared electric field is written in terms of the function
cn(q) =
[q/2]∑
l=1
s−nl −
q
π
sin(qπ)
∫ ∞
0
dy
cosh−n y
cosh(2qy)− cos(qπ) . (4.4)
For even n, this function can be found by using the recurrence scheme described in [23]. In particular,
one has c2(q) = (q
2 − 1)/6 and
c4(q) =
q2 − 1
90
(
q2 + 11
)
,
c6(q) =
q2 − 1
1890
(2q4 + 23q2 + 191). (4.5)
As a result, the corresponding VEVs are presented as
〈E2〉 = 〈E2〉dS −
(
q2 − 1) (q2 + 11)
180π(αr/η)4
, (4.6)
for D = 3 and
〈E2〉 = 〈E2〉dS −
(
q2 − 1) (q4 + 22q2 + 211)
1890π2 (αr/η)6
, (4.7)
for D = 5. In the case D = 3 the electromagnetic field is conformally invariant and the topological
part in (4.6) is obtained from the corresponding result for a cosmic string in Minkowski bulk by the
standard conformal transformation. The latter is reduced to the multiplication of the Minkowskian
result by the factor (η/α)4.
As it has been mentioned before, the Minkowskian limit corresponds to α → ∞ for a fixed value
of the time coordinate t. In this case one has η ≈ α− t and η is large. Hence, we need the asymptotic
of the function (4.2) for small values of x. In this limit the dominant contribution to the integral
comes from large values of u and using the asymptotic expression for the Macdonald function for large
argument, to the leading order we find
gE(x, y) ≈ −
√
π
Γ ((D + 1) /2)
2D/2+2xD+1yD+1
[
2 (D − 3) y2 +D − 1] . (4.8)
As a consequence, for a string in the Minkowski bulk one gets
〈E2〉(M) = − 2Γ ((D + 1) /2)
(4π)(D−1)/2rD+1
[
(D − 3) cD−1(q) + D − 1
2
cD+1(q)
]
. (4.9)
For D = 3, this result is conformally related to the topological part in (4.6). It is of interest to note
that, though the electromagnetic field is not conformally invariant for D = 5, the latter property is
valid in this case as well: 〈E2〉(M) = (〈E2〉 − 〈E2〉dS) (α/η)D+1, for D = 3, 5.
Now let us consider the asymptotic behavior of the VEV (4.1) at large and small distances from
the string. At large distances, r/η ≫ 1, we need the asymptotic expressions for the function gE(x, y)
in the limit x ≫ 1. In this limit the dominant contribution to the integral in (4.2) comes from the
region near the lower limit of the integration. By using the asymptotic expression for the Macdonald
function for small argument, to the leading order we get
gE(x, y) ≈ 2
D/2−5
y6x6
Γ
(
D
2
− 2
)[
(D − 1)
(
D
2
− 3
)
+ 2 (4−D) y2
]
, (4.10)
for D > 4 and gE(x, y) ≈ −3 ln(yx)/(2y6x6) for D = 4. In the case D > 4 this gives
〈E2〉 ≈ 〈E2〉dS + Γ (D/2− 2)
4πD/2αD+1 (r/η)6
[
2 (4−D) c4(q) + (D − 1)
(
D
2
− 3
)
c6(q)
]
, (4.11)
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with the functions (4.5). Note that for D = 5 the asymptotic (4.11) coincides with the exact result
(4.7). For D = 4 the large distance asymptotic is given by
〈E2〉 ≈ 〈E2〉dS −
(
q2 − 1) ln(r/η)
630π2α5(r/η)6
(2q4 + 23q2 + 191). (4.12)
Hence, at large distances from the string, r/η ≫ 1, the topological part in the VEV of the electric
field squared decays as (η/r)4 for D = 3, as ln(r/η)(η/r)6 for D = 4 and as (η/r)6 for D > 4. The
pure dS part 〈E2〉dS is a constant and it dominates in the total VEV at large distances. Note that
at large distances from the string the influence of the gravitational field on the VEV is essential. In
the Minkowskian case the decay of the VEV is as 1/rD+1 (see (4.9)) and depends on the number of
spatial dimension. For the dS bulk the VEV behaves as 1/r6 for all spatial dimensions D > 4.
At proper distances from the string smaller than the dS curvature radius one has r/η ≪ 1 and
the dominant contribution to the integral in (4.2) comes from large values of u. The topological part
dominates near the string and by calculations similar to those for the Minkowskian limit we get
〈E2〉 ≈ (η/α)D+1〈E2〉(M), r/η ≪ 1, (4.13)
with 〈E2〉(M) given by (4.9). This result is natural because near the string the dominant contribution
to the VEV comes from the fluctuations with wavelengths smaller than the curvature radius and the
influence of the background gravitational field on the corresponding modes is weak.
The VEV of the electric field squared determines the Casimir-Polder interaction energy between
the cosmic string and a neutral polarizable microparticle placed close to the string, U(r) = −αP 〈E2〉,
where αP is the polarizability of the particle (in the absence of dispersion). The correlators of the
electromagnetic field and the Casimir-Polder potential in the geometry of cosmic string on background
of D = 3 Minkowski spacetime were investigated in [24].
5 Magnetic field correlators and VEV of the energy density
As a next characteristic of the vacuum state we consider the VEV of the Lagrangian density:
〈L〉 = − 1
16π
gµρgνσ〈FµνFρσ〉. (5.1)
Note that the quantity gµρgνσ〈FµνFρσ〉 is the Abelian analog of the gluon condensate in quantum
chromodynamics. The VEV (5.1) is presented as the coincidence limit
〈L〉 = lim
x′→x
CL(x, x
′), (5.2)
with the corresponding correlator
CL(x, x
′) = − 1
16π
gµρ
′
(x, x′)gνσ
′
(x, x′)〈Fµν(x)Fρσ(x′)〉. (5.3)
The latter is decomposed into the electric and magnetic parts as
CL(x, x
′) =
1
8π
[
CE(x, x
′)− CM (x, x′)
]
, (5.4)
where the magnetic part is given by the expression
CM (x, x
′) =
1
2
glm
′
(x, x′)gnp
′
(x, x′)〈Fln(x)Fmp(x′)〉
=
[
glm
′
(x, x′)gnp
′
(x, x′)− gnm′(x, x′)glp′(x, x′)
]
∂l∂m′〈An(x)Ap′(x′)〉. (5.5)
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with the summation over the spatial indices l,m, n, p = 1, 2, . . . ,D (for a scheme to measure the
correlation functions for cosmological magnetic fields based on TeV blazar observations see [25]).
By using (3.2), after long calculations, the magnetic part is presented in the form
CM (x, x
′) =
2q (ηη′)D/2+1
π2 (2π)D−3 αD+1
∞∑′
m=0
×
{[
cos(mq∆φ) cos∆φ
(
∂r∂r′ +
q2m2
rr′
)
+
qm
rr′
sin(mq∆φ) sin∆φ
(
r∂r + r
′∂r′
)]
×
(
(D − 2)J (0,1)D/2−1 + 2J
(1,0)
D/2−1
)
+ cos(mq∆φ)
[
J (0,2)D/2−1 + (D − 3)J
(1,1)
D/2−1
]}
. (5.6)
By taking into account the representations for the functions J (n,p)ν given in Appendix, for the correlator
one gets
CM (x, x
′) =
16q (ηη′)D/2+1
πD/2αD+1
∫ ∞
0
duuD/2eu(η
2+η′2−|∆z|2)KD/2−1(2ηη
′u)
×
{[
(D − 2)∂ww + 2
(
D/2− 1− |∆z|2u)] [cos∆φ (∂w + b)− 1
w
sin∆φ∂∆φ
]
+∂ww + (D − 3)
(
D/2− 1− |∆z|2u)} ∞∑′
m=0
cos(mq∆φ)e−bwIqm(w). (5.7)
The further transformation is similar to that employed for the electric field correlator. By using
the formula (3.13) we find
CM (x, x
′) = C
(1)
M (x, x
′) + sin∆φ∂∆φC
(2)
M (x, x
′), (5.8)
where the functions C
(i)
M (x, x
′) are defined in (3.16) with J = M . In the corresponding definition the
function g
(i)
M (x, x
′, y) is given by the expression (3.17) with the functions in the integrand
h
(1)
M (y, u) = [1− (D − 2) y cos∆φ]
[
1− u (r2 + r′2 + 2rr′y)]
+(D − 3− 2y cos∆φ) (D/2− 1− |∆z|2u) , (5.9)
and h
(2)
M (y, u) = h
(2)
E (y, u). The contributions of the l = 0 terms in (3.16) to (5.8) correspond to the
correlator in dS spacetime in the absence of the cosmic string (q = 1):
C
(dS)
M (x, x
′) =
2(D − 1)
(2π)D/2αD+1
∫ ∞
0
duuD/2euZ(x,x
′)
(
D − u |∆x|
2
ηη′
)
KD/2−1(u), (5.10)
For D = 3 the electric and magnetic correlators coincide and, hence, the correlator for the Lagrangian
density vanishes. For close points x and x′, the leading term in the corresponding asymptotic expansion
coincides with that for the correlator of the electric field, C
(dS)
M (x, x
′) ≈ C(dS)E (x, x′), and is given by
(3.22).
In (5.8), separating the l = 0 terms in the expressions (3.16) for the functions C
(i)
M (x, x
′), the
remaining part is the contribution induced by the cosmic string. For r 6= 0, the latter is finite in the
coincidence limit. The renormalization is required for the pure dS part only. Hence, for the VEV of
the squared magnetic field,
〈B2〉 = lim
x′→x
CM (x, x
′), (5.11)
one finds the decomposition
〈B2〉 = 〈B2〉dS + 8α
−D−1
(2π)D/2

[q/2]∑
l=1
gM (r/η, sl)− q
π
sin(qπ)
∫ ∞
0
dy
gM (r/η, cosh y)
cosh(2qy)− cos(qπ)

 , (5.12)
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with the function
gM (x, y) =
∫ ∞
0
duuD/2KD/2−1(u)e
u−2x2y2u {(D − 1)D/2
−4(D − 2)y2 + 2x2y2u [2(D − 2)y2 −D + 1]} . (5.13)
Similar to (4.1), if q/2 is an integer, the term l = q/2 in (5.12) should be taken with an additional
coefficient 1/2. Note that for D > 3 the magnetic part of the field tensor is not a spatial vector.
In (5.12), 〈B2〉dS is the corresponding renormalized quantity in the absence of the cosmic string and,
because of the maximal symmetry of dS spacetime, does not depend on the spacetime point. From the
dimensional arguments we expect that 〈B2〉dS = const · α−D−1. For D = 3, the VEV of the squared
magnetic field has been investigated in [26] by using the adiabatic renormalization procedure. In this
special case 〈B2〉dS = 19/(40πα4) (note the different units used here and in [26]).
For odd D, the function gM (x, y) is expressed in terms of the elementary functions. In particular,
for D = 3 it coincides with gE(x, y), given by (4.3), and for D = 5 one has
gM (x, y) =
√
π
2
(
3 + x2
)
y2 − 1
2x6y6
, D = 5. (5.14)
In the latter case, the VEV of the squared magnetic field is presented as
〈B2〉 = 〈B2〉dS +
(
3 + r2/η2
)
c4(q)− c6(q)
2π2 (αr/η)6
, (5.15)
where the functions c4(q) and c6(q) are defined in (4.5).
Let us consider the asymptotic behavior of the VEV (5.12) at large and small distances from the
string. If the proper distance from the string is much smaller than the curvature radius of the dS
spacetime one has r/η ≪ 1. For small x the dominant contribution to (5.13) comes from large values
of u. By using the corresponding asymptotic for the Macdonald function, to the leading order we get
〈B2〉 ≈ (η/α)D+1 〈B2〉(M), (5.16)
where
〈B2〉(M) = 2Γ ((D + 1) /2)
(4π)(D−1)/2rD+1
[
(D − 3) (D − 2)cD−1(q)− D − 1
2
cD+1(q)
]
, (5.17)
is the corresponding VEV for the cosmic string in Minkowski bulk. In particular, for D = 3 one has
〈B2〉(M) = 〈E2〉(M) with 〈E2〉(M) given by the last term in the right-hand side of (4.6).
At large distances from the string, r/η ≫ 1, we need the asymptotic of the function gM (x, y) for
large x. In this limit, the dominant contribution to the integral in (5.13) comes from the region near
the lower limit of the integration and for the leading term one finds
gM (x, y) ≈ 2
D/2−5
y4x4
(D − 1) (D − 4) Γ(D/2− 1). (5.18)
For D = 4 the leading term vanishes and we need to consider the next to the leading contribution:
gM (x, y) ≈ y
2 − 3/4
y6x6
. (5.19)
By taking into account (4.5) and (5.18), at distances r/η ≫ 1 one gets
〈B2〉 ≈ 〈B2〉dS + (D − 1) (D − 4) Γ(D/2− 1)
360πD/2αD+1(r/η)4
(
q2 − 1) (q2 + 11) , (5.20)
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for D 6= 4 and
〈B2〉 ≈ 〈B2〉dS + 4c4(q)− 3c6(q)
2π2α5 (r/η)6
, (5.21)
for D = 4. In the special case D = 3, the asymptotic (5.20) coincides with the exact result.
In figure 1 we have plotted the topological contributions in the VEVs of the squared electric and
magnetic fields, 〈F 2〉t = 〈F 2〉 − 〈F 2〉dS, F = E,B, for q = 2.5 and for spatial dimensions D = 3, 4, 5
(the numbers near the curves). The full/dashed curves correspond to the electric/magnetic fields. In
the case D = 3 one has 〈E2〉t = 〈B2〉t. Note that for D = 4, 5 the VEVs of the squared electric and
magnetic fields have opposite signs. The Casimir-Polder forces acting on a polarizable particle are
attractive.
4
5
5
4
3
1 2 3 4 5
-4
-2
0
2
4
r/η
1
0
3
α
-
D
-
1
<
F
2
>
t
Figure 1: Topological contributions in the VEVs of the squared electric and magnetic fields for q =
2.5 and for spatial dimensions D = 3, 4, 5 (the numbers near the curves). The full/dashed curves
correspond to the electric/magnetic fields.
Among the most interesting features of the inflation is the transition from quantum to classical
behavior of quantum fluctuations during the quasiexponential expansion of the universe. An important
example of this type of effects is the classicalization of the vacuum fluctuations of the inflaton field
which underlies the most popular models of generation of large-scale structure in the universe. A
similar effect of classicalization should take place for the electromagnetic fluctuations. In [26], the
quantum-to-classical transition of super-Hubble magnetic modes during inflation has been considered
as a possible mechanism for the generation of galactic and galaxy cluster magnetic fields (see also [27]
for the further discussion). As it has been discussed above, the presence of cosmic string induces shifts
in the VEVs of the squared electric and magnetic fields. As a consequence of the quantum-to-classical
transition of the corresponding fluctuations during the dS expansion, after inflation these shifts will be
imprinted as classical stochastic fluctuations of the electric and magnetic fields surrounding the cosmic
string. In the post inflationary radiation dominated era the conductivity is high and the currents in
the cosmic plasma eliminate the electric fields whereas the magnetic counterparts are frozen. As a
consequence, the cosmic strings will be surrounded by large scale magnetic fields. These fields would
be among the distinctive features of the cosmic strings produced during the inflation and also of
the corresponding inflationary models. Note that various types of mechanisms for the generation of
primordial magnetic fields from cosmic strings in the post-inflationary era have been discussed in the
literature (see, for instance, [28]). For cosmic strings carrying a nonzero magnetic flux in the core,
azimuthal currents for charged fields are generated around the string (see [13] and references therein).
These currents provide another mechanism for the generation of magnetic fields by the cosmic strings.
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Having the VEVs for the squared electric and magnetic fields, we can find the VEV of the energy
density ε as
〈ε〉 = 〈E
2〉+ 〈B2〉
8π
. (5.22)
It is decomposed into the pure dS part, 〈ε〉dS, and the topological contribution:
〈ε〉 = 〈ε〉dS + 2α
−D−1
(2π)D/2+1

[q/2]∑
l=1
g0(r/η, sl)− q
π
sin(qπ)
∫ ∞
0
dy
g0(r/η, cosh y)
cosh(2qy)− cos(qπ)

 , (5.23)
with g0(x, y) = gE(x, y)+ gM (x, y). If q is equal to an even integer, the term l = q/2 in (5.23) is taken
with an additional coefficient 1/2. From the maximal symmetry of the dS spacetime it follows that
〈ε〉dS = const/αD+1. In the special case D = 3 the latter is completely determined by the conformal
anomaly (see, for instance, [29]): 〈ε〉dS = 31/(480π2α4). Combining this with the result for 〈B2〉dS we
can find the VEV of the squared electric field: 〈E2〉dS = 1/(24πα4). In this case, the contributions of
the electric and magnetic parts to the topological term in the VEV of the energy density are the same
and the VEV is conformally related to the corresponding result on the Minkowski bulk found in [30].
Near the string, r/η ≪ 1, the VEV of the energy density is dominated by the topological part and
to the leading order one has
〈ε〉 ≈ Γ ((D + 1) /2)
(4π)(D+1)/2(αr/η)D+1
[
(D − 3)2 cD−1(q)− (D − 1) cD+1(q)
]
. (5.24)
The corresponding VEV in the Minkowski bulk is obtained from the right hand side multiplying by
the factor (α/η)D+1. Depending on the parameters D and q, the energy density (5.24) can be either
negative or positive. For D = 3 it is always negative. At large distances from the cosmic string and
for D > 4 the topological contribution in the energy density is dominated by the magnetic part and
decays as (η/r)4. For D = 4 and at large distances the electric part dominates and the energy density
decays like (η/r)6 ln(r/η). In figure 2 we display the dependence of the topological contribution in
the vacuum energy density as a function of the proper distance from the string (measured in units of
dS curvature scale). The graphs are plotted for spatial dimensions D = 3, 4, 5. As is seen, in general,
the energy density is not a monotonic function of the distance from the string. Moreover, in the case
D = 5 the energy density changes the sign: it is negative near the string (the electric part dominates)
and positive at large distances from the string (the magnetic contribution dominates).
6 Conclusion
In the present paper we have investigated the influence of the cosmic string on the vacuum fluctuations
of the electromagnetic field in background of (D + 1)-dimensional dS spacetime, assuming that the
field is prepared in the state which is the analog of the Bunch-Davies vacuum state for a scalar field.
In the problem under consideration the only interaction of the quantum electromagnetic field is with
the background gravitational field and the information on the vacuum fluctuations is encoded in the
two-point functions. As such we have considered the Wightman function. For the evaluation of the
latter we have used the direct summation over the complete set of electromagnetic cylindrical modes.
The corresponding mode functions for separate polarizations are given by (2.4) and (2.5).
Among the most important characteristics of the electromagnetic vacuum are the VEVs of the
squared electric and magnetic fields. The corresponding two-point functions are given by (3.15)
and (5.7), respectively, with the function C
(i)
J (x, x
′) defined in (3.16). One of the advantages for
these representations is that the contribution corresponding to dS spacetime in the absence of the
cosmic string is explicitly extracted. In the model of the cosmic string under consideration the local
geometrical characteristics outside the string core are not changed by the presence of the string.
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Figure 2: Topological contributions in the VEV of the energy density in spatial dimensions D = 3, 4, 5
(the numbers near the curves) for q = 2.5.
Consequently, the divergences and the renormalization procedure for the VEVs are the same as those
in pure dS spacetime. The topological parts do not require a renormalization. The renormalized VEVs
for the squared electric and magnetic fields are presented in the decomposed form, Eqs. (4.1) and
(5.12), respectively, where the first terms in the right-hand sides correspond to the renormalized VEVs
in dS spacetime in the absence of the cosmic string. As a consequence of the maximal symmetry of dS
spacetime and of the Bunch-Davies vacuum state these contributions do not depend on the spacetime
coordinates.
The topological parts in the VEVs depend on the time and the radial coordinate through the
ratio r/η which presents the proper distance from the string measured in units of the dS curvature
radius. Near the string, the dominant contribution to the VEVs comes from the fluctuations with
short wavelengths and the VEVs coincide with those for the string in Minkowski bulk with the distance
from the string replaced by the proper distance αr/η. The influence of the gravitational field on the
topological contributions in the VEVs is crucial at proper distances larger than the curvature radius
of the background geometry. This contribution in the electric field squared decays as (η/r)4 for D = 3,
as ln(r/η)(η/r)6 for D = 4 and as (η/r)6 for D > 4. For the squared magnetic field the topological
contribution decays as (η/r)4 for D > 3. The exception is the case D = 4 where the corresponding
coefficient vanishes and the next term in the expansion should be kept. In this case the topological
term falls off as (η/r)6. In the Minkowskian bulk the decay of the VEVs is as 1/rD+1 for both the
electric and magnetic fields.
The modifications of the electromagnetic field vacuum fluctuations during the dS expansion phase,
we have discussed here, will be imprinted in large-scale stochastic perturbations of the electromagnetic
fields surrounding the cosmic string in the post-inflationary radiation dominated era. The magnetic
fields will be frozen in the cosmic plasma whereas the electric fields will be eliminated by the induced
currents.
We have also investigated the VEV of the electromagnetic energy density, induced by a cosmic
string. Near the string the topological contribution dominates in the total VEV and the energy
density behaves as (η/r)D+1. At distances from the string larger than the curvature radius of the dS
spacetime and for spatial dimensions D > 4, the topological part in the energy density is dominated by
the magnetic contribution and decays as (η/r)4. For D = 4 the electric field contribution dominates
and at large distances the string-induced energy density behaves as (η/r)6 ln(r/η). For D = 3 the
topological contribution in the energy density is negative and decays as (η/r)4 for all distances. For
15
other spatial dimensions the energy density, in general, is not a monotonic function of the distance
from the string. For example, in the case D = 5 the energy density is negative near the string and
positive at large distances. It has a maximum for some intermediate value of the distance from the
string.
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A Evaluation of the integrals
Here we describe the evaluation of the integrals (3.10) appearing in the expressions of the two-point
functions for the electromagnetic field. By using the integral representation [31]
Kν(e
−ipi/2ηω)Kν(e
ipi/2η′ω) =
1
2
∫ +∞
−∞
dy e−2νy
∫ ∞
0
du
u
e−u/2−ω
2β/(2u), (A.1)
with the notation
β = 2ηη′ cosh(2y)− η2 − η′2, (A.2)
and redefining the integration variable u/(2β)→ u, one gets
J (n,p)ν =
1
2
∫
dk eik·∆z
∫ +∞
−∞
dy e−2νy
∫ ∞
0
du
u
e−uβ
×
∫ ∞
0
dγk2nγ2p−1e−ω
2/4uJqm(γr)Jqm(γr
′). (A.3)
The integration over k is done with the help of the formula∫
dk k2neik·∆z−k
2/4u = (4π)D/2−1uD/2−1
[
4u
(
D/2− 1− |∆z|2u)]n e−|∆z|2u, (A.4)
where n = 0, 1. Next, the integral over y is expressed in terms of the function Kν(2ηη
′u) and we find
J (n,p)ν =
1
2
(4π)D/2−1
∫ ∞
0
duuD/2−2
[
4u
(
D/2− 1− |∆z|2u)]n eu(η2+η′2−|∆z|2)
×Kν(2ηη′u)
∫ ∞
0
dγγ2p−1e−γ
2/4uJqm(γr)Jqm(γr
′). (A.5)
For p = 1, 2 the integration over γ is done by using the formula [32]∫ ∞
0
dγγ2p−1e−γ
2/4uJqm(γr)Jqm(γr
′) = 2
(
4u2∂u
)p−1 [
ug(r, r′, u)
]
, (A.6)
with the function
g(r, r′, u) = e−(r
2+r′2)uIqm(2rr
′u). (A.7)
For the evaluation of the integral in (A.5) with p = 0 we use the integral representation
e−γ
2/4u = γ2
∫ ∞
1/4u
dt e−tγ
2
, (A.8)
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and then apply the formula (A.6) with p = 1 for the γ-integral. In this way, we can see that
∫ ∞
0
dγ
e−γ
2/4u
γ
Jqm(γr)Jqm(γr
′) =
1
2
∫ u
0
dx
x
g(r, r′, x). (A.9)
The corresponding integral in the two-point function (3.9) is acted by the operators with the results
(
r∂r + r
′∂r′
) ∫ u
0
dx
x
g(r, r′, x) = 2e−bwIqm(w), (A.10)
and (
∂r∂r′ +
q2m2
rr′
)∫ u
0
dx
x
g(r, r′, x) = 4ue−bw∂wIqm(w), (A.11)
with the notations (3.12). In addition we have(
∂r∂r′ +
q2m2
rr′
)
g(r, r′, u) = 4u∂w
(
we−bw∂wIqm(w)
)
. (A.12)
Hence, we get the following results
J (n,p)ν = (4π)D/2−1
∫ ∞
0
duuD/2−2
[
4u
(
D/2− 1− |∆z|2u)]n eu(η2+η′2−|∆z|2)
×Kν(2ηη′u)
(
4u2∂w
)p−1 [
we−bwIqm(w)
]
, (A.13)
for p = 1, 2 and
J (1,0)ν =
1
4
(4π)D/2−1
∫ ∞
0
duuD/2−2
[
4u
(
D/2− 1− |∆z|2u)]n eu(η2+η′2−|∆z|2)
×Kν(2ηη′u)
∫ u
0
dx
x
g(r, r′, x). (A.14)
The results for the latter integral after the action of the operators, appearing in (3.9), read
(
r∂r + r
′∂r′
)J (1,0)ν = 12(4π)D/2−1
∫ ∞
0
duuD/2−2
[
4u
(
D/2− 1− |∆z|2u)]n
×eu(η2+η′2−|∆z|2)Kν(2ηη′u)e−bwIqm(w), (A.15)
and (
∂r∂r′ +
q2m2
rr′
)
J (1,0)ν = (4π)D/2−1
∫ ∞
0
duuD/2−1
[
4u
(
D/2− 1− |∆z|2u)]n
×eu(η2+η′2−|∆z|2)Kν(2ηη′u)∂w
[
we−bw∂wIqm(w)
]
. (A.16)
with w and b defined by (3.12).
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